An Infinite Dimensional LSS

Submission Date: January 16, 2025  Acceptance Da

Journal of Scientific Computing and Machine Learning, vol. 1, pp. 60-67, 2025

te: January 26, 2025

L. with Infinite Dimensional

HiPPO

Atsushi Takabatake! and Takaharu Yaguchi?
L2Department of Mathematics, Kobe University, 1-1 Rokkodai-cho, Nada-ku

244s008s@stu.

kobe-u.ac. jp

Abstract

A state-space-model-based model using HiPPO m

atrices has been proposed as an efficient time series

modeling method. In this paper, we discuss the operator that is a generalization of the HIPPO matrix
to infinite dimension. We also propose an infinite-dimensional version of linear state-space layer (LSSL)
using the operator, and in particular, a matrix with an explicit DPLR representation that is derived from
it. Then, we describe the results of numerical experiments with the S4 model using the matrix.
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1. Introduction

Modeling of time-series data requires dealing with
strong correlations and long-range dependencies be-
tween data that are far from each other in time-series.
A machine learning model based on the State Space
Model has been proposed as an efficient model that
can handle this. In these models, a matrix called
HiPPO matrix plays an important role in handling
long-range dependencies. Especially, the S4 model
is a fast computation model by restricting the form
of the parameters required by the Normal Plus Low
Rank (NPLR) property of the HIPPO matrix. The
S4 model uses the Diagonal Plus Low Rank (DPLR)
representation of the NPLR matrix to represent the
state-space model. In this case, the DPLR represen-
tation is obtained only numerically, and is difficult to
obtain analytically.

In this paper, we give an interpretation of the
infinite-dimensional version of the linear state-space
layer (LSSL) by the HiPPO matrix. In particular,
we propose an operator corresponding to the HiPPO
matrix, and show that this operator has a DPLR rep-
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resentation. We also present numerical experiments
using the matrices derived from it.

2. Background

2.1. LSSL

The model represented by the following ordinary dif-
ferential equation is called the State Space Model.

dh

(1) = Ah(t) + Bu(?)

(1a)

y(t) = Ch(t) + Du(t) (1b)
where u : [0,T7] — C, h: [0,T] —» C", A € C"*",
B e CY™! C e C*" D e C. LSSL (Linear State
Space Layer) is a discretization of this as a layer in
neural networks by seq2seq[2]. In this paper, we con-
sider infinite dimensional LSSL on the function space
L?([0, N],C) instead of C™ as the latent space.
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2.2. S4model

The S4 model is a fast LSSL computation model by
restricting the form of A to the NPLR representation
defined as follows.

Definition 1 ([1]). When matriz A is represented by

(2)

with a unitary matriz U € , a diagonal ma-
triv A € CV*N and low rank matrices P,Q €
CNXM (M < N), this representation is called the
NPLR (Normal Plus Low Rank) representation of A.
Especially when U is the identity matriz, this rep-
resentaion is called the DPLR (Diagonal Plus Low
Rank) representation of A.

A=UAU* + PQ*

(CNXN

When A has an NPLR representation, the equa-
tion of the latent space can be represented by

d(U*h)
dt

which is a State Space Model using a matrix with

a DPLR representation. In the S4 model, A is con-

verted to a matrix with DPLR representation before
the calculation.

() = (A + U*PQ*U)U*h(t) + U* Bu(t), (3)

2.3. HiPPO Matrix

In LSSL, it is known that the accuracy is improved by
employing the following HiPPO matrix as the initial
value of A:

(20 +1)12(25 +1)1/2
i+ 1
0

hippo __
APIPPO =

BIPPO — /27 + 1. (4b)

In particular, this HIPPO Matrix AMPP° has an NPLR
representation [1]. However, the proof is not construc-
tive and hence the representation is difficult to obtain
directly. In the implementation of [1], the NPLR
representation is obtained by numerical calculation.

2.4. Hyperbolic PDE from HiPPO Ma-
trix

LSSL with the HiPPO matrix can be interpreted as a
semi-discretization of partial differential equations as
follows.
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Theorem 1 (3], [4]). Let matrices A and B be AMPPo
and BMPPo in [SSL; i.e., consider

% _ Ahippoh+Bhippou.

dt (5)

Then this differential equation for h is obtained by
semi-discretizing the following partial differential equa-
tion by a finite difference method with the step size
Axr =1:

0%g
5t0m —(2z + 1)g, (6a)
g(z,0) =0, (6b)

9(0.t) = / u(s)ds, (6c)

where the boundary condition is discretized as

g(O,t) = 67Azt\/
0

From this perspective, an infinite-dimensional ver-
sion of LSSL with HiPPO matrices is discussed in
what follows.

¢
eA%3u(s)ds.

(7)

3. Infinite Dimensional HiPPO

3.1. Infinite Dimensional View of

HiPPO Layer

Consider solving a partial differential equation

0? h
dxdt (\/m) (z,t) = —V2z + 1h(z,t)  (8a)
Ooh
a0 00 =ul) (8)
h(l’, 0) = (8(})

under

h e C*([0,N] x [0,T]),u € C([0,T]).  (9)
By integrating both sides on [0, z] and multiplying by
v2x + 1, we obtain the integral equation

oh

ot

(z,t) V2 +1 /m V26 + 1h(€, t)de
0

+ V2z + 1u(t)

(10)
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for t € [0,7]. If we define h :
h(t)(z) = h(@,t), Fo : L*([0,N]) — L*([0, N]) as

Fof = VI ¥ 1 / CVETI(Od (1)

and Gy : C — L%(]0, N]) as
Goa = V2x + 1la,
the expression can be written as follows.

oh

a(t) = Foh(t) + Gou(t)

(13)
This can be viewed as a state-space model using
L?([0, N]) as the latent space. From here, we will
consider the following generalization F : L%([0, N]) —
C([0,N]) c L3([0, N]) for the operator Fy:

@) [ s

where x € C1([0, N]). Hereafter, this F is called
Infinite Dimensional HiPPO.

[Ffl(x (14)

3.2. Infinite Dimensional HiPPO

We will see that the Infinite Dimensional HiIPPO has a

[0,T] — L?([0, N]) as Theorem 2. Let x € C([0,

“DPLR representation” similar to the HIPPO matrix.

Define G : C — C([0, N]) C L*([0, N]) as

ga = ay, (15)
H : L?([0,N]) — C as
Hf = >L2([o N])
_ (16)
f x(§)d¢
and J : L*([0, N]) — L?([0, N]) as
Jf=Kxex)f
= (f,X)r2(o.N X (17)
=GHS.

The eigenvalues and eigenvectors of F + 1.7 can
be analytically determined under the condition of y.
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N]) satisfy x(x) # 0 for
any x € [0, N]. The eigenvalues Ay and eigenvectors
fr of F+ %j are given as follows

1 N )
A = m/o Ix(v)[*dv
f Ix(v)|2dv
(12) fi(@) = Ex(z) exp ( (2k + 1)i f;) ) 2d1/>
(keZ)
(18)

where B € C.

Therefore, F can be expressed as follows by eigen-
value expansion of the operator.

1 1
f:(f+§j)—§j (19)
1
= E )\kek®6k—§g7'l

kEZ

where e, = fi/||fx||. This is a generalization of the
DPLR representation in finite dimensions to infinite
dimensions.

As a property of the eigenvector, we see that the
norm can be expressed using y and also forms an
orthonormal basis of L?([0, N]).

Theorem 3. Let x € C(]0,

N]) satisfy x(x) # 0 for
any x € [0, N]. Then,
fo Ix(v |2dV

fo IX(V)IQdV> (20)
(keZ)

fr(z)

x(x) exp ( (2k+1)i

are orthonormal basis of L*([0, N]) and it satisfies

Il frllz2jo.np) = lIxIIz2 (o, ) - (21)

Remark 3.1. The A\, depends only on the norm of .
Thus, note that changing a function y that does not
pass through the origin can be expressed simply by
changing the value of the norm.
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3.3. An infinite Dimensional LSSL with
Infinite Dimensional HiPPO

Consider solving the equation below formally for infi-
nite dimensional LSSL

oh

SH0) = (F = Dh(t) + Guls),

h(0)(z) = 0

(22a)
(22b)

with the following Infinite Dimensional HiPPO.
We assume that the time derivative and the infinite
sum commute, that is,

oh . Ocy(t)
SO=2 "% (23)
kEZ
holds when h is represented as
)= cxlt) fi (24)

keZ
by the orthogonal basis { f }rez.

Lemma 3.2.

<fk; X)L2(j0,N]) = k> (25)
B > At (26)
‘ o=
Using this lemma, it holds that
ack(t) 2
A — 1) A Cm ( A
o~ DO 2 dnen®) | s
meZ
2
w2
[IxI?

(27)

as coefficients of formal solutions by Fourier series
expansion (see appendix . Consider the truncated

equation:
dex(t) M—1 9
(Ak: - 1 Ck: A7rLCm 7)%
ot L e
2

(28)

Note that we are left with two terms from the one
with the largest absolute value.

If we represent this using a matrix, we can write

Oc

5 (1) = (A= PQ")c(t) + Bul(?)

(29)

AeCM p@Q,BeCM*! (30)

by by
V2 Bjyp =21
x| x|
(31)
This is a finite dimensional LSSL using a matrix with
a DPLR representation, which can be handled by the
S4 model. In particular, this DPLR representation is
explicitly obtained. In the next section, we show some
experiments with the S4 model using this matrix.

Az] =X\ 62]7 il = Qil =

4. Experiments

We performed experiments of the learning task of Se-
quential MNIST with the S4 model using the above
Matrices A, P, Q, B.

4.1. Sequential MNIST

MNIST is a dataset for classifying handwritten num-
bers. Sequential MNIST is a dataset where an im-
age dataset is serialized and treated as a time-series
dataset. We used this dataset.

2. Detalils

We used an architecture with the model’s internal di-
mensionality set to 64. For the encoder layer, we used
a linear layer. In the middle layers, we used batch
normalization, an S4 layer, GELU activation, skip
connections, dropout (p=0.1), and GLU activation.
The decoder layer included average pooling along the
time-series direction and a linear layer. We used 2
layers for the middle layers. As the optimizer, we used
Adam with a learning rate of 0.001. For the learn-
ing rate scheduler, we used a Cosine with Warmup
Scheduler, with a warmup step of 1200 steps. In the
S4 layer, we treated A, B, and the time-direction
step size At as non-trainable hyperparameters and we
used 2M = N = 64 as the state space dimension. We
used an NVIDIA GeForce RTX 3060 Laptop GPU for
computation and PyTorch as the library.
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4.3. Result

The learning curves for training loss, validation loss,
and accuracies are shown in Figures[I] [2] and [3] respec-
tively. The final results of the training are summarized
in Table[l} It can be seen that the performance of the
proposed model is comparable to that of the original

—— norm=2
norm=8
—— norm=32
—— norm=128
~——— norm=512
—-== original

0 5 10 15 20 25 30 35 40
Steps

model.

Table 1: Results of Training

Accuracy | Train Loss | Eval Loss
original 0.9930 0.0088 0.0229
lIx||=2 0.9904 0.0104 0.0302
Ix||=8 0.9917 0.0094 0.0292
IIx||=32 0.9777 0.0695 0.0749
lIx||=128 0.8396 0.4686 0.4663
Ix||=512 0.6777 0.8674 0.8880

1072

Figure 1:

— norm=2
norm=8
—— norm=32
—— norm=128
—— norm=512
-~ original

Learning Curve about Training Losses

— norm=2
norm=8
—— norm=32
—— norm=128
—— norm=512
————— original

Figure 2: Learning Curve about Validation Losses

Figure 3: Learning Curve about Accuracies

5. Conclusion

From the viewpoint of partial differential equations of
LSSL using HiPPO matrices, the infinite dimensional
operator “Infinite dimensional HIPPO” corresponding
to HiPPO matrices is discussed, and in particular,
it is shown that its eigenvalues and eigenvectors can
be obtained analytically. We also proposed a matrix
with explicit DPLR representation derived from the
infinite dimensional LSSL using Infinite Dimensional
HiPPO. Numerical experiments with the S4 model
showed that it can be learned in the same way as the
HiPPO matrix.
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A. Proofs of Theorems

Proof of Theorer@ Solve

Z—*X f x(&)d

+2x(@) / FOX@de

=Af(2)
with A # 0. If this equation is satisfied, note that f
is differentiable in [0, N], and from x(z) # 0, dividing
both sides by x and differentiating, we get

fax@=r2 (1 m)

3 (3

x(@)
P (e)x(r) — F@)X ()
(x(2))?

[(F+ J)f]

(32)

(33)
=\

By deformation,

A (@)x(@) = M(2)xX () = f@)x(z) (x(2))® (34)
and
oy X(x) 1, ——
f1@) = 1@ - e (39)

hold. Solving this differential equation, we can write

f as

o) = Cx@yes (-5 [ odPar) e
Substituting into equation (32), we get
——x /|X eXP<—/ Ix(v dV)
+ vt / MOPew (-1 [ hpar)ae
—rex@es (-5 [ hwra)
(37)

Here, it hold that

- [ P e (—i / EIX(V)IQdV>d§
+/x x(6) eXp<—/ Ix(v I2dV>

= | Aexp (—/ Ix(v)| du)]gZN
_ [Aexp (—i\/j)du)ﬁdu)]
—2\exp (-i/; |X(V)|2dy>
~Nexp (-i/ON X(V)2du> Y

hence, by substituting into equation and trans-
forming the equation, we get

(38)

&=

T

1 [N
exp <—)\/ |X(y)|2dl/> =-1 (39)
0
Thus, using k' € Z, eigenvalues is written by
1 N 2 / .
5 [ WOIPw = @k im0
namely
1 N )
A= ———— dv. 41
e ), @R @
Replacing k' = —k — 1, we obtain
1 N y
= dv. 42
eyl RO R €

Substituting this into (36]) yields the eigenvectors.
When A = 0, dividing both sides of

(F+ 5 )) =
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by x and differentiating results in proof of Lemmd3.2.

f(E)x (&) =0, (44)

1
§<fk7X>L2([O,N])

which implies f = 0. Therefore, A cannot be an 1N —
eigenvalue. Fi ¢

ey x(f)exp< (2 +1)

fo |>><< )iz )X@dg
0 1%

N 2d
:%/0 |X(€)|2exp< (2k+ 1 fo |X I/ V>d§

1 1 N )
=73 @ fy YT

Proof of Theoren{3. From the proof of Theorem [2] if
exp | —(2k + 1)@

A =0, then f = 0. That is namely

er (]’ + ;J) = {0}. (45) —x,

Therefore,

fo Ix(v)[?dv

N
fo Ix(v)|2dv >]
fo Ix(v)[2dv

1 N
e 1)m/0 x(v)Pav

Because A is pure imaginary,

L*([0, N]) = Ker <f+ ;7) @ Im <f+ ;7)
=1Im <]:+ ;.7)

holds. On the other hand, since elements of {f; }ren
are eigenvectors corresponding to a different eigen-
value, it is orthogonal basis for Im (]—' + %j ) Thus
{fx}ren is an orthogonal basis of L%([0,N]). For
norm, it follows from

(46)

x=2_ ||fk||

kEN

Hf E 06 fr) fr

||x||2 2 e

= A

N N
1 £ill? = / fe@) (@) = / x(@)x@dz = X2

(47)
O holds.
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keN

(418)
fi
AT
(19)
O
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B. Formal Solution by Fourier
Expansion

Since

Fh(t) = (J—‘+ ;J) h(t) — %Jh(t)
— (7437 )no - §<h<t>,

=3 ekt fr — Y ex(t)

kEL keZ

= Z Akck(t) fr — Z Akck(t)x

kEZ keZ

X) L2([0,N) X

fk,

L2 ([o,NDX

and

(F=I)h(t) + Gu(t)

:Z)\kck(t)fk - <Z /\mcm(t)> X
kEZ meL

() fu — u HWZM&

keZ keZ
72)%016 fk + Z )\mcm 3 Z Ak fr
T

keZ
N e fi —u QZMﬁ
R

kez
(51)
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holds, the differential equation is written by

8ck(t)
k% il
—Z)\ka- fk + (Z Amcm ) ) Z)\kfk
bz =
=Dt i —u) = D Mk
keZ || || keZ
:Z()\k = D)ex(t) fr
keZ
2
+ /\mcm(t)> TR
(; Tl

M ||2 2 Al

kEZ
(52)
Viewing for each component k,
Oc(t) 2
()\k — ]. Ck )\mCm NTRUTE )\k
ot 2 e
2
—u(t)—=5 A
1112
(53)
is derived.



